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Abstract

In this paper, heat transfer and dispersion for both laminar and turbulent regimes in heat exchangers and nuclear cores are consid-
ered. Such hydraulic systems might be seen as spatially periodic porous media. The existence of a turbulent flow within a porous medium
structure suggests the use of a spatial average operator, combined to a statistical average operator. Previous works [M.H.J. Pedras,
M.J.S. De Lemos, Macroscopic turbulence modeling for incompressible flow through undeformable porous media, Int. J. Heat Mass
Transfer 44 (2001) 1081–1093; F. Kuwahara, A. Nakayama, H. Koyama, A numerical study of thermal dispersion in porous medium,
J. Heat Transfer 118 (1996) 756–761] have applied a double average procedure to the thermal balance equation, which led to a macro-
scopic turbulent transport and a subsequent macro-scale equation featuring dynamic dispersion. Considering the heat flux at the solid
surfaces as a boundary condition for the fluid energy balance, the model proposed in this paper allows one to take into account this
dispersion as the sum of two contributions. The first one is the classical dispersion due to velocity heterogeneities [G. Taylor, Dispersion
of solute matter in solvent flowing slowly through a tube, Proc. Roy. Soc. Lond. A 219 (1953) 186–203] and the second one is due to wall
heat transfer. Applying Whitaker up-scaling method [S. Whitaker, Theory and applications of transport in porous media: the method of
volume averaging, Kluwer Academic Publishers, 1999], a ‘‘closure problem” is then derived for a representative elementary volume, using
the so-called Boussinesq approximation to account for small scale turbulence. The model is used to compute macro-scale heat transfer
properties for turbulent flows inside a flat plate heat exchanger. It is shown that, for such flows, both dispersive fluxes strongly predom-
inate over the macroscopic turbulent heat flux.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The overall objective of this paper is the macro-scale
description of heat transfer and dispersion in heat exchang-
ers and nuclear reactors [5]. Indeed, the geometrical com-
plexity of such systems does not allow to calculate the
details of the velocity and temperature profiles within each
subchannel [6]. A practical way to avoid this difficulty is to
consider a large scale (hereafter denoted ‘‘macroscopic”)
description of the convection–diffusion phenomena rather
0017-9310/$ - see front matter � 2006 Elsevier Ltd. All rights reserved.
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than giving focus on the fine (‘‘microscopic”) description
of the flow [3]. Such a macroscopic description may be
derived from the microscopic flow equations, at the pore-
scale, through some up-scaling methods. This generally
results into modified equations for mean flow variables,
with additional contributions like dispersion, tortuosity
and other transfer terms that account for small scale phe-
nomena. We will refer to such methods as porous media
type of analysis. Originally, these methods have been devel-
oped to model creeping flows within ‘‘micro-porous media”

characterized by very small pore sizes [7]. Nevertheless, dis-
persion is also a subject of great interest for ‘‘macro-porous
media” like heat exchangers, with the additional difficulty
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Nomenclature

Af interface between solid and fluid phases (m2)
CA;CP;Cm constants
Cl, C�1

, C�2
constants of the k–� model

DH mean hydraulic diameter of the pores (m)
DP thermal passive dispersion tensor (m2 s�1)
DA thermal active dispersion vector (m)
fp friction coefficient
fl, f2 damping functions in the low-Reynolds k–�

model
h local heat transfer coefficient (W m�2 K�1)
l microscopic characteristic length scale (m)
L macroscopic characteristic length scale (m)
ni ith component of the interface normal vector,

pointing towards the solid phase
Pe h�uifDH/af, Péclet number
Pr m/af, Prandtl number
Prt mt/at, turbulent Prandtl number
Pw wetted perimeter (m)
r0 representative elementary volume length scale

(m)
(qcp)f specific heat of the fluid phase (J m�3 K�1)
Re DHh�uif/m, pore Reynolds number
Ret mt/m, turbulence Reynolds number
Sw flow area (m2)
Tf fluid temperature (K)
Tw wall temperature (K)

uf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m � ou

on jwall

q
, friction velocity (m s�1)

ui ith component of the fluid velocity (m s�1)
h�uif bulk flow velocity (m s�1)
u+ �u/uf, normalized velocity
DV representative elementary volume (REV) (m3)
DVf fluid volume included in the REV (m3)
y+ normalized distance to the wall

Greek symbols

af thermal diffusivity of the fluid (m2 s�1)
at turbulent thermal diffusivity (m2 s�1)
atM macroscopic turbulent thermal diffusivity

(m2 s�1)
vf fluid characteristic function
dt conductive boundary layer thickness (m)
dw Dirac delta function associated to the interface

(m�1)
dm viscous boundary layer thickness (m)
gi ith component of the dispersion function related

to the mean temperature gradient (m)
f dispersion function related to the wall heat flux

(s)
/ porosity of the medium
m kinematic viscosity of the fluid (m2 s�1)
mt turbulent kinematic viscosity (m2 s�1)
U heat flux at the fluid solid interface (W m�2)
q density of the fluid (kg m�3)
xi ith component of the interface velocity (m s�1)
rk turbulent Schmidt number associated to k

r� turbulent Schmidt number associated to �
s characteristic evolution time of dT f (s)
sd D2

H=af , characteristic thermal diffusion time (s)

Additional notations
h � i volume average
h � if fluid volume average
d� deviation from the fluid volume average
�� statistical average
�0 fluctuation from the statistical average
�* dimensionless quantity
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that turbulent flows may occur within the pores, as pointed
out by Taylor [8].

One of the leading ideas of up-scaling methods is to
derive the macro-scale properties for a representative ele-
mentary volume (REV). Approximate solutions (closure
problems) of the coupled micro-scale and macro-scale
(averaged) equations were found for the dispersion prob-
lem through various approaches: volume averaging [4,9],
homogenization [10,11] or moments methods [12]. Within
the laminar regime, and for simple geometries, it is possible
to analytically solve the closure problems to calculate the
dispersion tensors and other effective parameters. For more
complex geometries, even for laminar flows, numerical
models may be required. These results cannot be used
directly for modeling macroscopically heat exchangers
since flows in such systems are generally turbulent. The
specificity of the turbulent regime is that, even for very
simple geometries like channel or pipe flows, one cannot
analytically solve the Navier Stokes equations.
Within the framework of the double decomposition
formalism [1,2], we present an analysis of thermal disper-
sion and heat transfer for turbulent flows in heat exchang-
ers. Hence, the hydraulic systems which are considered
in this work are stratified porous media. Following the
ideas implemented in reactor subchannel analysis codes
(FLICA4 [5], COBRA-IIIC, SABRE, . . . [6]), we choose
to combine the resolution for the spatially averaged fluid
temperature with a fine scale resolution for the solid tem-
perature. In the following, this approach will be denoted
‘‘mixed model”. Thus, the solid phase is seen from the fluid
phase as a heat source/sink term, while the fluid phase pro-
vides boundary conditions for the fine scale temperature
calculation in the solid. In this paper, we focus on the fluid
temperature modeling. Therefore, we will consider that
thermal interactions with solids reduce to an external forc-
ing for the fluid temperature. Let us emphasize that the
mixed model is relevant when the fluid and solid exhibit
really different characteristic time scales. This is the case
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in nuclear reactors under normal operating condition
where heat source is provided by nuclear reactions.

Sections 2 and 3 are devoted to the derivation of the bal-
ance equation for the mean fluid density and temperature
respectively. The properties of both statistical and spatial
averages used in these sections are recalled in Appendix
A. After the simplification of the temperature deviation
balance equation, a closure problem for temperature dis-
persion is presented in Section 5. The modelization of tem-
perature deviation is addressed in the same section. Then,
the proposed set of equations is applied to the thermal dis-
persion inside a flat plate heat exchanger, for laminar flows
in Section 7 and for turbulent flows in Section 8. A com-
parison with Taylor analysis [8] is presented in the same
section.
2. Derivation of the averaged continuity equation

We consider an incompressible, single phase flow in a
saturated, rigid porous medium. Fluid properties are
assumed constant and a no-slip velocity condition at the
wall is used. The spatial variation of the porosity is sup-
posed to be in accordance with the variation length-scale
constraints discussed in A.2. The turbulence study suggests
the use of a statistical or time average, denoted ‘‘��”, while
the porous structure calls for the use of fluid volume aver-
age, denoted ‘‘h � if” Fig. 1. Pedras and De Lemos [1]
performed an extensive study of the double-averaging
procedure. In this context, let n be any physical quantity,
one can write

n ¼ h�nif þ hn
0if þ d�nþ dn0 ð1Þ

with the definitions:

n ¼ �nþ n0 and n ¼ hnif þ dn: ð2Þ

In [1], it is demonstrated that both operators commute.
This allows the use of the time–space or space–time averag-
ing sequences without information loss. Nevertheless,
Travkin [13] claimed that, even if this property is true in
a strict mathematical point of view, it could have practical
consequences on the development of the physical model.
Applying first spatial filtering, with a characteristic scale
larger than the pore size, will require that the small eddies
Fig. 1. Description of three scales in the single channel case. The statistical ave
allows to get a one-dimensional description of the single channel.
must be modeled in the averaged equations [14] while the
dynamic of big eddies is expected to be conserved in the
large-scale behavior of these averaged equations. There-
fore, the application of the statistical filter on the averaged
equations would only permit a treatment of the large scale
turbulence. If small-scale eddies are important, i.e. turbu-
lence at a scale lower than the pore size, it is more attractive
to first apply the statistical average. Under these circum-
stances, this first averaging procedure leads to a readily
interpretable step thanks to the amount of knowledge
achieved in turbulence modelization. Classical turbulent
models can be used to describe flows within channels,
and spatial averaging may be used subsequently. Given
the fact that, in the cases that motivated our study, turbu-
lence can be considered as developed within the pores, we
choose to apply statistical averaging in a first step and
the volume averaging in a second step.

The microscopic continuity equation for an incompress-
ible, non-reactive flow is given by

oui

oxi
¼ 0 ð3Þ

with a no-slip boundary condition at the walls

ui ¼ 0 on Af : ð4Þ

Applying the statistical average, we obtain

oui

oxi
¼ 0: ð5Þ

We now apply the volume average and use the theorem of
local averaging (see Appendix A, Eq. (A.9)) to obtain

o/huiif
oxi

þ huinidwi ¼ 0: ð6Þ

All notations and theorems used in this paper are summa-
rized in Appendix A. The no-slip boundary condition (4)
requires the second term of the left hand side to be zero.
Hence, the macroscopic continuity equation reads

o

oxi
/huiif ¼ 0: ð7Þ

One can also note that, splitting the velocity into its spatial
average value and its deviation in relation (5), we obtain
the following relation
rage allows to get a structured view of the flow whereas the spatial average



F. Pinson et al. / International Journal of Heat and Mass Transfer 50 (2007) 1500–1515 1503
ohuiif
oxi

¼ � odui

oxi
¼ �huiif

/
o/
oxi

: ð8Þ
3. Averaged fluid temperature equation

For constant fluid properties (density, viscosity and heat
capacity), the instantaneous microscopic heat balance
equation reads

oT f

ot
þ ouiT f

oxi
¼ o

oxi
af

oT f

oxi

� �
ð9Þ

and the corresponding boundary condition on the wall Af

af

oT f

oxi
ni ¼

U
ðqcpÞf

: ð10Þ

The first averaging procedure, i.e., the statistical average,
leads to the classical equation involving a turbulent heat flux

oT f

ot
þ ouiT f

oxi
¼ � o

oxi
u0iT

0
f|{z}

Turbulent
heat flux

þ o

oxi
af

oT f

oxi

� �
: ð11Þ

In the Reynolds averaged Navier Stokes (RANS) context,
the turbulent heat flux is usually modeled according to a
generalized Fick’s law

u0iT
0
f ¼ �at

oT f

oxi
: ð12Þ

where at is the turbulent thermal diffusivity. This model is
called the first gradient approximation. Now, the modeled
equation for the statistically averaged temperature reads

oT f

ot
þ ouiT f

oxi
¼ o

oxi
af

oT f

oxi

� �
þ o

oxi
at

oT f

oxi

� �
; ð13Þ

af
oT f

oxi
ni ¼

U
ðqcpÞf

on Af : ð14Þ

Because of the spatial dependance of at, this problem is
reminiscent of previous work on spatially variable disper-
sion tensors [15].

Applying the volume average to (13), we obtain the fol-
lowing equation for the mean flow temperature:

/
ohT fif

ot
þ o/huiifhT fif

oxi

¼ o

oxi
/af

ohT fif
oxi

� �
þ o

oxi
/ at

oT f

oxi

� �
f

� �

þ af

oT f

oxi
nidw

� �
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

Wall heat transfer

� o

oxi
/hduidT fif|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

Thermal dispersion

þ o

oxi
/hafdT f nidwif|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

Tortuosity

:

ð15Þ

The dispersion and the tortuosity terms are typical of
the porous medium approach. For high Péclet number
flows, the macroscopic convective term predominates over
the tortuosity term [2]. In addition, the spatially averaged
thermal turbulent flux can be modeled through the defini-
tion of a macroscopic turbulent thermal conductivity atM

[1,14]:

at

oT f

oxi

� �
f

� atM

ohT fif
oxi

: ð16Þ

Let us note that one could avoid this additive closure rela-
tion by decomposing the temperature in its averaged and
deviation parts and thus directly close the deviation part.
However, this approach results The thermal volume source
term (W m�3), induced by thermal conduction at walls,
reads

af

oT f

oxi
nidw

� �
¼ hUdwi
ðqcpÞf

¼ /
hUdwif
ðqcpÞf

: ð17Þ

Finally, the evolution of the statistically and spatially aver-
aged temperature is given by

/
ohT fif

ot
þ o/huiifhT fif

oxi

¼ o

oxi
/ðaf þ atM Þ

ohT fif
oxi

� 	
þ /
hUdwif
ðqcpÞf

� o

oxi
/hduidT fif þ

o

oxi
/hafdT f nidwif : ð18Þ

In Eq. (18), three terms remain unknown and need to be
modeled: the macroscopic turbulent heat flux, the thermal
dispersion and the tortuosity. We underline that dispersion
is induced by the coupling between velocity and tempera-
ture deviations.

4. Temperature deviation equation

In order to model the tortuosity and the thermal disper-
sion terms in the mean temperature equation, we follow
Whitaker’s methodology [16] and extend the so-called ‘‘clo-
sure problem” to the case of microscopic turbulent flows.
Within this approach, one must first derive the evolution
equation for the spatial temperature deviation. Two major
assumptions will contribute to the model design:

H1. The assumption of scale separation, often written as
L� l:
Let us consider any quantity n that satisfies the
property
dn ¼ OðhnifÞ;
then the hypothesis H1 among others implies that the
space derivative of the deviation rules over the spatial
derivative of the macroscopic quantity, namely
odn
oxi|{z}

O dn
lð Þ

� ohnif
oxi|ffl{zffl}

O
hnif

L


 �
: ð19Þ
H2. The evolution of the temperature deviation is sup-
posed to be quasi-steady with respect to the forcing
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term, which is the evolution of the averaged temper-
ature. This condition could be written
Table
Magni

I

II

III

IV

V

VI

VII

VIII
l2

af

� L2

af

ð20Þ
and we see that it is satisfied from assumption H1.

To obtain the temperature deviation equation, we sub-
stract the macroscopic heat Eq. (18) from the statistically
averaged microscopic one (Eq. (13)),

odT f

ot
þ o

oxi
ðuidT fÞ

¼ o

oxi
af

odT f

oxi

� �
þ o

oxi
at

oT f

oxi
� atM

ohT fif
oxi

� �
þ o

oxi
hduidT fif

� o

oxi
duihT fif

 �

� o

oxi
hafdT fnidwif �

hUdwif
ðqcpÞf

ð21Þ

with the following boundary condition on Af

af
ohT fif

oxi
þ odT f

oxi

� 	
ni ¼

U
ðqcpÞf

: ð22Þ

The orders of magnitude for each contribution in Eq.
(21) have been estimated and are summarized in Table 1.
The order of magnitude of the velocity deviation with
respect to the mean velocity is deduced from the no-slip
boundary condition. Since we have at walls

ui ¼ 0 on Af () huiif ¼ dui on Af ; ð23Þ
we get [4]:

h�uif ¼ Oðd�uÞ in DV f : ð24Þ
In the same way, one could write for the turbulent thermal
flux:

at
oT f

oxi
¼ 0 on Af ) atM

ohT fif
oxi

¼ at
oT f

oxi

� �
f

¼ O d at

oT f

oxi

� �� �
in DV f : ð25Þ
1
tude order of the terms in relation (21)

Terms of Eq. (21) Order of magnitude

qcp

 �

f

odT f

ot
ðqcpÞfdT f

s

ðqcpÞf
o

oxi
ðuidT f Þ ðqcpÞf ðh�uif þ d�uÞ dT f

l
o

oxi
af

odT f

oxi

� �
af

dT f

l2

ðqcpÞf
o

oxi
hu0iT 0f if ðqcpÞf

hu0T 0f if
L

ðqcpÞf
o

oxi
ðu0iT 0f Þ ðqcpÞf

u0T 0f
l

ðqcpÞf
o

oxi
hduidT f if ðqcpÞf

d�udT f

L

ðqcpÞf
o

oxi
ðduihT f ifÞ ðqcpÞf

d�uhT fif
L

o

oxi
hafdT f nidwif af

dT f

L2
[31]
We recall here that these latter estimations (Eqs. (24) and
(25)) are necessary to apply the H1 hypothesis. Then,
according to Table 1, it is possible to neglect terms IV,
VI and VIII by comparing them with terms V, II and III
respectively. Concerning the temperature, we see that the
macroscopic gradient has a leading role in relation (21).
This remark is reminiscent of what has been found in the
study of passive scalar dispersion [16]. The macroscopic
temperature gradient must be preserved in the boundary
condition (22). Furthermore, hypothesis H2 leads to re-
move term I from Eq. (21).

The turbulent heat flux in Eq. (21) is decomposed
according to its macroscopic contribution and its devia-
tion. Its macroscopic part can then be developed and sim-
plified thanks to the H1 hypothesis:

o

oxi
at

ohT fif
oxi

� �
¼ at

o
2hT fif
oxioxi|fflfflfflfflffl{zfflfflfflfflffl}

O
athT f if

L2

� 
þ oat

oxi

ohT fif
oxi|fflfflfflfflfflffl{zfflfflfflfflfflffl}

O
athT f if

Ll


 �
’ oat

oxi

ohT fif
oxi

: ð26Þ

Thanks to the zero velocity divergence for incompress-
ible flow, the simplified form of Eq. (21) for microscopic
turbulent flows finally reads

ui
odT f

oxi
� o

oxi
ðaf þ atÞ

odT f

oxi

� �

¼ oat

oxi
� dui

� �
ohT fif

oxi
� hUdwif
ðqcpÞf

ð27Þ

with the following boundary condition on Af

af

odT f

oxi
ni ¼

U
ðqcpÞf

� af

ohT fif
oxi

ni: ð28Þ
5. Dispersion closure problem in periodic unit cells

In Eq. (27), let us note that the left hand side linearly
depends on the macroscopic temperature gradient ðohT fif=
oxiÞ and the mean thermal source term ðhUdwif=ðqcpÞfÞ.
These are the source terms of the temperature deviation
balance equation. This analysis and the literature survey
discussed in the introduction lead us to look for a closure
relationship of the form:

dT f ¼ gi
ohT fif

oxi
þ f
hUdwif
ðqcpÞf

þ w: ð29Þ

Carbonell and Whitaker [17] have shown that the function
w, that can account for spatial disorder of the media at the
microscopic scale, is zero for periodic porous media. The
dispersion functions gj (homogeneous to a length) and f
(homogeneous to a time) are local quantities. A relation
for the functions gi and f can be deduced from the idempo-
tence property of the averaging operator
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hdT fif ¼ 0 () hgiif
ohT fif

oxi
þ hfif

hUdwif
ðqcpÞf

¼ 0: ð30Þ

The same simplification than the one presented in (26)
again applies to determine the successive derivatives of
the modeled temperature deviation:

odT f

oxi
’

ogj

oxi

ohT fif
oxj

þ of
oxi

hUdwif
ðqcpÞf

; ð31Þ

o

oxi
ðaf þ atÞ

odT f

oxi

� 	
’ o

oxi
ðaf þ atÞ

ogj

oxi

� 	
ohT fif
oxj

þ o

oxi
ðaf þ atÞ

of
oxi

� 	
hUdwif
ðqcpÞf

: ð32Þ

Substituting the modeled expression for the deviation in
the boundary condition (22) leads to the following bound-
ary conditions for the derivatives of the dispersion
functions

af

ogj

oxi
þ dij

� �
ohT fif
oxj

ni þ af

of
oxi

hUdwif
ðqcpÞf

¼ U
ðqcpÞf

: ð33Þ

The relation (33) is a general expression relating the wall
heat flux to the macroscopic temperature gradient and
the derivatives of the dispersion functions. In order to re-
cover the passive dispersion closure problem when U tends
toward zero, the two closure problems for g and f should
not be coupled. We assume that, at the boundary, the heat
flux is only related to the f gradient, such that we have

ogj

oxi
þ dij ¼ 0 and af

of
oxi

hUdwif
ðqcpÞf

ni ¼
U
ðqcpÞf

on Af :

ð34Þ
Now, we define the vector p which characterize the periodic
property of the porous media. By substituting the modeled
expression for the fluid temperature deviation (29) in Eq.
(27) and by using the simplification of the modeled temper-
ature deviation derivatives (Eqs. (31) and (32)), the closure
problem for a periodic unit cell can be specified
inside the REV: ui
ogj

oxi
� o

oxi
ðafþatÞ

ogj

oxi

� 	
¼oat

oxj
�duj;

ð35Þ

ui
of
oxi
� o

oxi
ðafþatÞ

of
oxi

� 	
¼�1; ð36Þ

on Af :
ogj

oxi
¼�dij; ð37Þ

af

of
oxi

ni¼
U

hUdwif
; ð38Þ

periodicity: gjðxþpiÞ¼gjðxÞ; fðxþpiÞ¼ fðxÞ;
ð39Þ

additional relation: hgjif
ohT fif
oxj

þhfif
hUdwif
ðqcpÞf

¼0: ð40Þ
Each mapping variable, gj and f, is described thanks to
an advection diffusion equation with various source terms.
The quantity gj is governed by the spatial heterogeneities of
the mean velocity field and the gradient of the turbulent
thermal diffusion, whereas the budget of f is an up-scaled
representation of the local heat transfer. The first mapping
variable is analogous to the dispersion function encoun-
tered in passive scalar dispersion problems. If temperature
was treated as a passive scalar or if we had considered ther-
mal equilibrium between phases, only this contribution
would remain. In this peculiar case, the additional relation
(40) is in accordance with the passive scalar study. It gives
hgjif = 0 [18]. The second term accounts for thermal non-
equilibrium in the pore, due to the heat exchange at the
solid surface. For flows satisfying the H1 assumption, the
temperature deviation is mainly determined by the wall
heat flux. Hence we infer that the second contribution is
dominant.

Solving the system requires the knowledge of velocity
and turbulent diffusivity profiles. For laminar flows in
some simple geometries, the velocity profiles can be calcu-
lated analytically. Consequently, both dispersion functions
can analytically be derived (see Section 7). For more com-
plex geometries, even for the laminar regime, one can use a
CFD code to obtain the detailed velocity profiles. The spec-
ificity of the turbulent regime is that one cannot analyti-
cally solve the Navier Stokes equations for most practical
applications. We shall use models which more or less
account for complex phenomena such as turbulence/wall
interactions. As a consequence, we must remember that
the results may slightly depend on the choice of the turbu-
lence model.

At this stage, we have established the relation between
the temperature deviation, the macroscopic temperature
gradient and the volume averaged heat flux, by defining
the two mapping variables (or dispersion functions) in
Eq. (29). Substituting (29) in (18), we can clarify the mod-
eled equation for the macroscopic temperature

/
ohT fif

ot
þ o/huiifhT fif

oxi

¼ o

oxi
/ðaf þ atM Þ

ohT fif
oxi

� �
þ/
hUdwif
ðqcpÞf

� o

oxi
/hduigjif

ohT fif
oxj

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ðaÞ

� o

oxi
/hduifif

hUdwif
ðqcpÞf

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ðbÞ

þ o

oxi
/hafgjnidwif

ohT fif
oxj

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ðcÞ

þ o

oxi
/haffnidwif

hUdwif
ðqcpÞf

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ðdÞ

:

ð41Þ

Term (a) in Eq. (41) involves the average of the product of
the first mapping variable times the velocity fluctuation. It
is typical of a dispersion term, and, in our particular case, it
should be referred to as ‘‘passive dispersion” since it is
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equivalent to the one found in the dispersion problem for a
passive scalar [4]. The contribution (b) is also a part of the
dispersion phenomenon. It appears as a transport term of
the mean thermal source term, with a transport coefficient
equal to hduifif . It shall be referred to as ‘‘active disper-
sion” since it is related to the exchange with the other
phase. The tortuosity is modeled by the terms (c) and (d).
In the same way as for dispersion, term (c) is equivalent
to the one encountered in the classical passive scalar study.
On the contrary, term (d) is an additional term accounting
for the heat source term.

Let us notice that from closure relation (29), one can
deduce a rather complex decomposition (with additional
contributions) for the macroscopic turbulent diffusion.
Doing so, one could avoid definition (16) without modify-
ing the local closure problem.

6. Dimensionless formulation of the closure problem

Several notations are introduced in order to get dimen-
sionless equations. In porous media analysis, the interfacial
specific area hdwif may be defined by

hdwif ¼
Af \ DV

DV f

; ð42Þ

where the \ symbol denotes the intersection between two
spatial domains. For thermal hydraulic applications, we
prefer to use the hydraulic diameter concept. We recall that
DH is proportional to the ratio between the wetted perim-
eter Pw and the flow area Sw,

DH ¼ 4Sw=P w: ð43Þ

However, for stratified media, DH is equivalent to hdwif
hdwif ¼ 4=DH: ð44Þ

The bulk flow velocity h�uif ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
huiifhuiif

p
, the thermal diffu-

sivity af and the hydraulic diameter DH are used to build
the following macroscopic Péclet number

Pe � h�uifDH

af

: ð45Þ

We define an arbitrary reference temperature T r
f and we

also recall the definition of the characteristic diffusion time
scale sd

sd ¼ D2
H=af : ð46Þ

Dimensionless variables are denoted with an asterisk

T f
� ¼ T f

T r
f

; t� ¼ t
sd

; ui
� ¼ ui

h�uif
; a�f ¼

af

af

¼ 1;

a�t ¼
at

af

; a�tM
¼ atM

af

; x�i ¼
xi

DH

; d�w ¼ dwDH;

ðqcpÞ�f ¼
ðqcpÞf
ðqcpÞf

¼ 1; U� ¼ U
DH

afT r
f

; g�j ¼
gj

DH

;

f� ¼ f

D2
H=af

: ð47Þ
where a�t and a�tM
are respectively the dimensionless

microscopic and macroscopic turbulent thermal diffusivi-
ties. The closure relation (29) is written in a dimensionless
way

dT f
� ¼ g�i

ohT f
�if

ox�i
þ f�hU�d�wif : ð48Þ
We also define the dispersion coefficients

DP
ij ¼ �hduigjif ; ð49Þ

DA
i ¼ �hduifif ð50Þ
and the tortuosity coefficients

TP
ij ¼ hgjnidwif ; ð51Þ

TA
i ¼ hfnidwif : ð52Þ

We choose to scale the dispersion coefficient (49) with the
fluid thermal diffusivity

DP
ij ¼ afD

P�
ij ¼ �h�uif DHhdui

�g�j if : ð53Þ

The second contribution (50) of the dispersion is homoge-
neous to a length. We scale it with the hydraulic diameter
in order to get

DA
i ¼ DHD

A�
i ¼ PeDHhdui

�f�if : ð54Þ
Moreover, the dimensional analysis of the tortuosity coef-
ficients leads to

TP
ij ¼TP�

ij ¼ hg�j nid
�
wif ; ð55Þ

TA
i ¼

TA�
i

h�uif
¼ DH

af

hf� nid
�
wif : ð56Þ
With these definitions, the macroscopic mean temperature
equation reads

/
ohT f

�if
ot�

þ o/Pehui
�if hT f

�if
ox�i

¼ o

ox�i
/ð1þ a�tM

Þ ohT f
�if

ox�i

� 	
þ /hU�d�wif

þ o

ox�i
/DP�

ij

ohT f
�if

ox�j

 !
þ o

ox�i
/DA�

i hU�d
�
wif


 �

þ o

ox�i
/TP�

ij

ohT f
�if

ox�j

 !
þ o

ox�i
/Pe�1TA�

i hU�d
�
wif


 �
:

ð57Þ

In the same way, the closure problem can be rewritten in a
dimensionless way



inside the REV: Peui
� og

�
j

ox�i
� o

ox�i
1þa�t

 �og�j

ox�i

� 	
¼ oa�t

ox�j
�Peduj

�

 !
;

ð58Þ

Peui
� of

�

ox�i
� o

ox�i
1þa�t

 �of�

ox�i

� 	
¼�1;

ð59Þ

on Af :
og�j
ox�i
¼�dij; ð60Þ

of�

ox�i
ni¼

U�

hU�d�wif
; ð61Þ

periodicity: g�j ðx� þp�i Þ¼ gjðx�Þ;f�ðx� þp�i Þ¼ f�ðx�Þ;
ð62Þ

additional relation: hg�j if
ohT f

�if
ox�j

þhf�ifhU�d
�
wif ¼ 0: ð63Þ
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7. Application to a plate heat exchanger: laminar flow

In this section, we consider a steady flow passing
through a flat plate heat exchanger (see Fig. 2). This system
is periodic and made by infinite parallel plates. Heat trans-
fer between the fluid and solids occurs only at the walls.
The characteristic length-scale evolution is assumed to be
large, such that

hU�if ’ U� and consequently ðsee Eq: ð44ÞÞ :
hU�d�wif ’ hd

�
wifU� ¼ 4U�: ð64Þ
Fig. 2. Description of the stratified porous media under study. The hydraulic d
dotted line represents a symmetry plane. (a) Tridimensional sketch of a stratifie
of one flat plane channel.
We recall that, for laminar flows, there is no need to use the
statistical average operator since statistical fluctuations are
zero in this case. Nevertheless, in order to remain consis-
tent with notations used in the other sections, we maintain
the statistical average operator in the equations. In the
geometry under study, the microscopic temperature profile
is symmetrical so that, due to (29), profiles of g and f are
also symmetric. The tortuosity is related to wall normals.
In such a geometry, the tortuosity contributions are zero.
The one-dimensional macroscopic temperature equation
then reads

Pe
ohT f

�if
oz�|fflfflfflfflfflffl{zfflfflfflfflfflffl}

convection

¼ o2hT f
�if

oz�2|fflfflfflffl{zfflfflfflffl}
molecular diffusion

þ 4U�|{z}
wall heat flux contribution

þ o

oz�
DP�

zz

ohT f
�if

oz�

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

passive dispersion contribution

þ o

oz�
DA�

z � 4U�
� �

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
thermal active dispersion contribution

:

ð65Þ

The dispersion coefficients can be deduced from the
analysis of the statistically averaged microscopic flow by
using the closure problems (58)–(63). The separation of
scales allows one to consider that the macroscopic evolu-
tion is a succession of equilibrium states (equivalent to z-
periodic flow within the REV) at the statistically averaged
microscopic scale. Macroscopic quantities are supposed
constant inside a REV, in particular, the macroscopic
iameter is twice the clearance between two successive heating plates. Each
d porous media composed of flat plane channels. (b) Bidimensional sketch
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temperature gradient and the volume averaged heat flux.
Within the REV, velocity and temperature deviation pro-
files are self-similar and the flow is homogeneous in the
z-direction. In such a configuration, the closure relation-
ship (48) gives

dT f
�ðyÞ ¼ g�z ðy�Þ

ohT f
�if

oz�
þ f�ðy�Þ � 4U� ð66Þ

within the REV. In addition, the dimensionless laminar
velocity field between two infinite plates is given by

uz
�ðyÞ ¼ 3

2
� 24y�2: ð67Þ

The closure problem is considerably simplified thanks to
the geometry of the channel

inside the REV:
o2g�z
oy�2
¼ Pe

1

2
� 24y�2

� �
; ð68Þ

o2f�

oy�2
¼ 1; ð69Þ

on Af :
og�z
oy�

ny ¼ 0; ð70Þ

of�

oy�
ny ¼

1

4
; ð71Þ

periodicity: g�z ðx� þ l�z Þ ¼ gzðx�Þ;
f�ðx� þ l�z Þ ¼ fðx�Þ; ð72Þ

additional relation: hg�z if
ohT f

�if
oz�

þ 4U�hf�if ¼ 0: ð73Þ

The dispersion functions that satisfy this system can easily
be found analytically. We obtain

g�z ðyÞ ¼ Pe
y�2

4
� 2y�4 � 1

128

� �
þ Cg; ð74Þ

f�ðyÞ ¼ y�2

2
� 1

32

� �
þ Cf: ð75Þ

The constants Cg and Cf depend on the wall temperature,
but their determination is not necessary to calculate the dis-
persion coefficients because their contributions are zero,
once multiplied by the velocity deviation and spatially
averaged over the REV. In general, the values of these con-
stants only act on tortuosity. The additional relation (40)
(or Eq. (63) in the dimensionless study) allows one to deter-
mine a relation between both constants.

The modeled temperature deviation, described by Eq.
(66), corresponds to the exact solution of the temperature
deviation obtained from the local energy Eq. (9) with tem-
perature time derivative equal to zero

dT f
� ¼ 4U�

3

4
y�2 � 2y�4 � 5

128

� �
þ T w

� � hT f
�if


 �
: ð76Þ

In fact, each simplification used to derive the closure prob-
lems is exact for the flat plane channel flow. Finally, both
effective dispersion coefficients can be determined by aver-
aging the products g�z du�z and f�du�z over the REV
DP�
zz ¼ �Pehg�z duz

�if ¼
Pe2

840
; ð77Þ

DA�
z ¼ �Pehf�duz

�if ¼
Pe

240
: ð78Þ

The first result is equivalent (note a coefficient of 840
instead of 210 due to a difference in the choice of the refer-
ence length) to the one that can be obtained by applying
Taylor–Aris theory to the stratified case (see [19]).

8. Application to a plate heat exchanger: turbulent flows

In this section, we present results for fully developed tur-
bulent flows in flat plate heat exchangers. We evaluate and
compare the various macroscopic fluxes, such as the disper-
sive and diffusive ones. The solution of the closure problem
for laminar flows exhibits a quadratic dependence of DP�

zz on
the Péclet number. For Poiseuille laminar flows, the velocity
profile is self-similar. On the contrary, once the flow becomes
turbulent, the velocity profile depends on the turbulence
intensity: the microscopic quantities cannot be calculated
analytically. For turbulent flows in pipes, Taylor [8] descri-
bed the velocity profile with an experimental law and the
turbulent viscosity with a simple law which is equivalent to
a mixing length closure. These descriptions allowed him to
show the dependency of the passive dispersion coefficient
with the Péclet number of the flow and the friction coefficient

DP�
zz / Pe

ffiffiffiffiffi
fp

p
: ð79Þ

We underline that for channel flows (which gather both
pipe and plane channel flows) the friction coefficient is
related to the friction velocity and the bulk velocity

fp ¼ 8
u2

f

h�uzi2f
: ð80Þ

In our analysis, in order to approach the mean velocity
profile between two plates, we have chosen to implement
the k–e model proposed by Chien [20]. The equations of
the model are

ok
ot
þ ui

ok
oxi
¼ mt

oui

oxj

oui

oxj
þ o

oxj
mþ mt

rk

� �
ok
oxj

� 	
� �� �p; ð81Þ

o�

ot
þ ui

o�

oxi
¼ mtC�1

�

k
oui

oxj

oui

oxj
þ o

oxj
mþ mt

r�

� �
o�

oxj

� 	
� C�2 f2

�2

k
þ Ep;

ð82Þ
where the turbulent kinematic viscosity is defined by

mt ¼ Clfl
k2

�
: ð83Þ

The wall functions �p and Ep allow the model to simulate
the turbulence behavior in the channel flow. The coeffi-
cients used in this paper are given below

Cl ¼ 0:09; C�1
¼ 1:44; C�2

¼ 1:92; rk ¼ 1;

re ¼ 1:3: ð84Þ

One can notice that, for the configuration under study, the
axial turbulent diffusivity gradient is zero. Its influence only



Fig. 3. Description and validation of the velocity profiles for a flat plate
channel flow. (a) Velocity profile in the boundary layer. Both the log-
profile in the turbulent boundary layer and the linear profile in the viscous
sublayer are well recovered by our calculations. Re = 5 � 106. (b)
Dimensionless turbulent velocity profiles for different Reynolds numbers.
For small Reynolds numbers (Re 	 104) the turbulent boundary layer
strongly affects the bulk flow velocity profile. The boundary layer
thickness evolves significantly from Re = 104 to Re = 105. For Re > 105,
the boundary layer thickness does not evolve significantly: the thickness of
the defect region becomes dominant.
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acts on flows such as those encountered in really multidi-
mensional configurations, for example transverse flows in
rod bundles. Moreover, the turbulent treatment in wall
shear flows may be achieved by various ways. Specific
low-Reynolds number models have already been developed,
relating for instance at to k, e, the temperature fluctuation
covariance and the turbulent thermal dissipation (see [21]).
The use of such models requires the introduction of damp-
ing functions into the closure problem. Since our goal is to
maintain a simplified description of the statistically aver-
aged microscopic flow, this solution cannot be adopted here.
Our goal is also to maintain the possibility to use the devel-
opment presented in this paper for other flow quantities
than temperature [14], for instance concentration. Therefore
the dispersion problem should remain as general as possible.
Thus, a practical alternative is to consider a dependence
between the momentum and the temperature turbulent
transports, introducing the turbulent Prandtl number

Prt ¼
mt

at

: ð85Þ

This parameter can be defined as a simple constant or as a
function of the distance to the wall. For simple geometries
such as those considered in this paper and for water flows,
Prt = 0.9 seems a reasonable choice [22].

The flow is assumed to be fully turbulent for Reynolds
numbers, based on the hydraulic diameter, higher than
4000. Hence, the Reynolds number values are taken in
the range about 4 � 103 to 107. A Gaussian mesh, made
of 300 grid points, is used. All normalized residuals are
brought down to 10�4. One can see in Fig. 3a that the
normalized velocity profile u+ = �uz/uf exhibits the expected
linear behavior in the inner boundary layer. Simulation
results also match the Reichardt law given by [23,24]

F uðyþÞ ¼ uþ ¼ 1

0:41
ln 1þ 0:41yþð Þ

þ 7:8 1� exp � yþ

11

� �
� yþ

11
exp � yþ

3

� �� �
:

ð86Þ

The resulting simulated fields are then used to numerically
solve the following closure problem

inside the REV:
o

oy�
ð1þ a�t Þ

og�z
oy�

� 	
¼ Peduz

�; ð87Þ

o

oy�
ð1þ a�t Þ

of�

oy�

� 	
¼ 1; ð88Þ

on Af :
og�z
oy�

ny ¼ 0; ð89Þ

of�

oy�
ny ¼

1

4
; ð90Þ

periodicity: g�z ðx� þ l�z Þ ¼ gzðx�Þ;
f�ðx� þ l�z Þ ¼ fðx�Þ; ð91Þ

additional relation: hg�z if
ohT f

�if
oz�

þ 4U�hf�if ¼ 0: ð92Þ
Except the macroscopic turbulent diffusion term, the
macroscopic balance equation of the spatially averaged
fluid temperature is similar as in the laminar case:

Pe
ohT f

�if
oz�|fflfflfflfflfflffl{zfflfflfflfflfflffl}

convection

¼ o

oz�
ð1þ a�tM

Þ ohT f
�if

oz�

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
molecular and turbulent diffusion

þ 4U�|{z}
wall heat flux contribution

þ o

oz�
DP�

zz

ohT f
�if

oz�

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

passive dispersion contribution

þ o

oz�
4U�DA�

z

� �
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

thermal active dispersion contribution

:

ð93Þ

The various fluxes, i.e., diffusive, passive dispersive and ac-
tive dispersive fluxes, will be compared. Their expressions
are

diffusive flux: ð1þ a�tM
Þ ohT f

�if
oz�

; ð94Þ

passive dispersive flux: DP�
zz

ohT f
�if

oz�
; ð95Þ

active dispersive flux: 4U�DA�
z : ð96Þ



Fig. 4. Laminar and turbulent plane channel flow: study of the passive
dispersion coefficient DP�

zz . Three Prandtl number flows have been
simulated. (a) Evolution of DP�

zz with the Reynolds number. (b) Evolution
of DP�

zz =Pe.
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Thanks to system (87), (89)–(92), an analysis of the g�z and
f* evolution can be carried out.

We recall that, in the simple configuration under study,
the equation for g�z has a sole source term for both laminar
and turbulent regimes: the velocity deviation. However for
a given geometry and within the laminar regime, the veloc-
ity shape is self-similar and its magnitude is given by the
Reynolds number. The temperature profile is modulated
by the Prandtl number. We can then argue that, within
the laminar regime, the function DP�

zz only depends on the
Péclet number, the definition of which is

Pe ¼ RePr: ð97Þ

On the contrary, for a steady turbulent flow in a given
geometry, even the shape of the dimensionless velocity pro-
file is related to the Reynolds number. Furthermore, with
the adopted first gradient closure for the turbulent heat
flux, the temperature profile depends upon two additional
quantities: the Prandtl and the turbulent Prandtl numbers.
From the boundary layer theory [25,26], the ratio between
the conductive and the viscous sublayer thickness can be
estimated by

dt

dm
/ 1ffiffiffiffiffi

Pr
p : ð98Þ

For Reynolds numbers ranging from the turbulent transi-
tion value to few 104, the boundary layer thickness is of
the same order of magnitude than the thickness of the
defect zone. In this range, the Prandtl number strongly
influences the temperature profile. Hence, the temperature
profile in the turbulent regime cannot only be scaled by Pe
since Pr and Re are intrinsically independent variables.

Nevertheless, for Reynolds numbers higher than 105, the
boundary layer thickness becomes negligible with respect
to the defect zone, and the Prandtl number does not affect
the temperature profile significantly (if Pr 	 1). It gives
only an indication of the at magnitude . The velocity profile
does not significantly evolve while the Reynolds number
increases (see Fig. 3b), except in the boundary layer where
the velocity profile is tightly related to the friction coeffi-
cient (Eq. (86)).

Once the g�z function is determined, the DP�
zz coefficient

can be calculated by volume averaging the product g�z duz
�

and multiplying the result by the Péclet number. From
Fig. 4, one can notice the separation between the laminar
solution and the turbulent solution. Indeed, no attempt
of connection between these two types of solutions is car-
ried out in this paper. The gap between both regimes
depends on the Prandtl number. This is induced by a var-
iable conductive sublayer thickness. Then, for Reynolds
numbers ranging from 4 � 103 to 105, the two different
Prandtl number simulations, represented in Fig. 4, exhibit
slightly different behaviors, as inferred above. But, for
highly turbulent flow, say Re > 105, the averaged product
hg�z duz

�if remains nearly constant. We recall here that dis-
persion only occurs if the velocity profile is non-uniform.
The transition from Pe2 dependence in the laminar regime
to a close-to-Pe dependence in the strong turbulent regime
is induced by a flatter velocity profile in the main part of
the ‘‘pore”.

Due to Eq. (77), the product hg�z duz
�if is equal to the

ratio DP�
zz and, according to Taylor’s analysis, this ratio is

a function of the square root of the friction coefficient
(Eq. (80)). Thanks to an optimisation on results corre-
sponding to Reynolds numbers higher than 5 � 105, our
results agree with this former analysis and we get (see
Fig. 4b)

for Re > 5� 105;
DP�

zz

Pe
¼ Cp

ffiffiffiffiffi
fp

p
; ð99Þ

where

Cp ’ 0:62: ð100Þ

The friction coefficient dependency of the passive disper-
sion coefficient is induced by the term in the right hand side
of the closure Eq. (87), which is equal to the velocity
deviation.

Eq. (88) for f* has one source term equal to 1. The
diffusion term of Eq. (88) is also related to the turbulent
thermal diffusivity. Hence, the dispersion function is intrin-
sically related to Re, Pr and Prt. According to (78), the



Fig. 5. Laminar and turbulent plane channel flow: study of the active
dispersion coefficient DA�

z . Our calculations match the analytical results in
the laminar regime. For turbulent flows, the dispersion coefficient DA�

z

achieves a constant value close to 1.6 as the Reynolds number increases.
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coefficient DA�
z is calculated by averaging the product f�duz

�

and by multiplying it with the Péclet number. Whereas the
product f�duz

� is constant within the laminar regime, it
decreases as the Reynolds number or the Prandtl number
increases because of the turbulent thermal diffusivity action
in the f* equation (Fig. 5). For Re greater than 105, the
coefficient DA�

z asymptotically achieves a constant value
DA�
z ¼ CA; ð101Þ
where CA is given by

CA ’ 1:6: ð102Þ
9. Application to a plate heat exchanger: comparison

between dispersion and diffusion

We now want to compare the dispersion and diffusion
contributions in the balance Eq. (93) for the macroscopic
fluid temperature. Note that this equation is verified even
for turbulent or laminar flows by setting a�tM

to zero when
the Reynolds number is lower than 2 � 103.

Furthermore, due to the homogeneity along the z axis
within the REV, the derivatives of the dispersive and diffu-
sive contributions are zero. Removing these terms from
relation (93), an estimation of the macroscopic temperature
gradient within the REV can be given by
Pe
ohT f

�if
oz�

’ 4U�: ð103Þ
This result supports the remark done in Section 4 concern-
ing the leading role of the macroscopic temperature gradi-
ent and the fact that it cannot be neglected. Nevertheless,
the dispersive and the diffusive fluxes are not zero. They
read in a dimensionless way
diffusive flux: ð1þa�tM
ÞohT f

�if
oz�

; ð104Þ

passive dispersive flux: DP�
zz

ohT f
�if

oz�
; ð105Þ

active dispersive flux: DA�
z �4U� ¼ PeDA�

z

ohT f
�if

oz�
: ð106Þ

Within the laminar regime, we use the results (77) and (78)
to compare the various fluxes

passive dispersive flux

diffusive flux
¼ DP�

zz

1
¼ Pe2

840
; ð107Þ

active dispersive flux

diffusive flux
¼ PeDA�

z

1
¼ Pe2

240
; ð108Þ

active dispersive flux

passive dispersive flux
¼ PeDA�

z

DP�
zz

¼ 7

2
: ð109Þ

From these we see that each ‘‘dispersion” flux contribution
rapidly predominates over the molecular diffusive flux for
increasing Péclet numbers. Furthermore, the ratio between
active dispersion and passive dispersion is equal to 3.5.

Now, within the turbulent regime, no model for the
macroscopic turbulent diffusivity has been developed in
this work. Nevertheless, due to the atM definition, Eq.
(16), and the self-similar hypothesis within the REV, we
have in a dimensionless way

a�t
oT f

�

ox�i

� �
f

¼ ha�t if
ohT f

�if
ox�i

¼ a�tM

ohT f
�if

ox�i
: ð110Þ

Using the Prandtl number definition and the turbulent
Prandtl number definition, Eq. (85), we deduce that, within
the REV,

a�tM
¼ ha�t if ¼ hmtif

Pr
Prt

: ð111Þ

Taylor’s analysis [8], briefly introduced in Section 8, sug-
gests that the spatially averaged turbulent viscosity is
related to the square root of the friction factor. Fig. 6
allows us to qualitatively show the same result, using a
more elaborated turbulence model and for Reynolds num-
bers higher than 105. We thus get

hm�t if ’ CmRe
ffiffiffiffiffi
fp

p
: ð112Þ

where

Cm ’ 6:62� 10�3: ð113Þ

Using (99) and (111), for Reynolds numbers higher than
5 � 105, the ratio between the passive dispersive flux and
the effective diffusive flux reads

passive dispersive flux

diffusive flux
¼ DP�

zz

1þ ha�t if
¼

CPPe
ffiffiffiffiffi
fp

p
1þ hm�t ifPr=Prt

:

ð114Þ

For the Reynolds number and Prandtl number values con-
sidered in this work, one can notice that hm�t ifPr=Prt � 1.
Due to Eq. (112), we show



Fig. 6. Turbulent plane channel flow: study of the hm�t if=ðRe
ffiffiffiffiffi
fp

p
Þ with the

Reynolds number. Fig. 8. Laminar and turbulent plane channel flow: study of ðPeDA�
z Þ scaled

with the averaged dimensionless effective thermal diffusivity (ha�eif ¼ 1þ
ha�t if ). Our computations match the analytical results in the laminar
regime. For Re > 105, the ratio slowly increases.
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passive dispersive flux

diffusive flux
’ CP

Cm
Prt: ð115Þ

Obviously, the value of this ratio is sensitive to the calibra-
tion of the turbulence model. In the case under study, with
the values selected for the turbulence model and according
to values of CP and Cm, respectively given by (100) and
(113), we obtain

passive dispersive flux

diffusive flux
’ 84: ð116Þ

This ‘‘asymptotic” study is assessed by the simulation
results shown in Fig. 7. One can conclude that, for the flat
plane channel geometry, the passive dispersive flux rules
over the turbulent heat flux in the main stream direction.

In addition, we use the formulation given by (106) to
compare the active dispersive flux with the thermal diffu-
sive flux (Fig. 8). In the laminar regime, the ratio of these
two fluxes increases quadratically with the Péclet number,
Fig. 7. Laminar and turbulent plane channel flow: comparison between
dimensionless axial dispersion and averaged effective thermal diffusivity
(ha�eif ¼ 1þ ha�t if ). Our calculations match the analytical results for the
laminar regime. For high Reynolds number flows (Re > 105), the ratio
achieves a constant value much greater than one. This value does not
depend on the Prandtl number.
such that this dispersion contribution also rapidly becomes
dominant with respect to the thermal diffusion ha�f if . This is
to be compared with the analytical results presented in Sec-
tion 7. For Reynolds number greater than few 105, we have
the asymptotic limits

active dispersive flux

diffusive flux
¼ PeDA�

z

1þ ha�t if
¼ CAPe

1þ hm�t if Pr=Prt

:

ð117Þ
As hm�t ifPr=Prt � 1, and due to Eq. (112), we get

active dispersive flux

diffusive flux
¼ CA

Cm

Prtffiffiffiffiffi
fp

p : ð118Þ

Considering the CA and Cm values respectively given by
(102) and (113), we show that for Reynolds number values
higher than few 105
Fig. 9. Comparison between the two dispersion coefficients (under their
diffusive form). The active dispersion coefficient is much higher than the
ordinary dispersion one in both laminar and turbulent regime. More
precisely, DP�

zz is at least one order of magnitude lower than ðPeDA�
z Þ for

Re > 104.



Table 2
Channel flow study: summary of the results about dispersion within both laminar and turbulent regimes

Plane channel laminar flow Tube channel laminar flow Plane channel asymptotic behavior Tube channel asymptotic behavior

DP�
zz Pe2/840 Pe2/192 0:62

ffiffiffiffiffi
fp

p
Pe 0:39

ffiffiffiffiffi
fp

p
Pe

DA�
z Pe/240 Pe/96 1.6 1

DP�
zz =ha�eif Pe2/840 Pe2/192 93Prt 24.4Prt

PeDA�
z =ha�eif Pe2/840 Pe2/96 240:6Prt=

ffiffiffiffiffi
fp

p
56:25Prt=

ffiffiffiffiffi
fp

p
DP�

zz =ðPeDA�
z Þ 2/7 1/2 0:39

ffiffiffiffiffi
fp

p
0:39

ffiffiffiffiffi
fp

p
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active dispersive flux

diffusive flux
¼ 240:6

Prtffiffiffiffiffi
fp

p : ð119Þ

This result is recovered in Fig. 8. We thus underline that
the active dispersive flux strongly rules over the effective
diffusive flux in the flow direction. The ratio between the
two fluxes keeps a slight raising trend for Reynolds number
greater than few 105.

The active dispersive flux part can also be compared
with the passive dispersive flux (Fig. 9). In the laminar
regime, the analytical derivation of these two terms exhibits
a constant ratio (see Section 7)

DP�
zz

PeDA�
z

¼ 2

7
ðfor Re < 2:103Þ: ð120Þ

The active dispersive flux is thus greater than the passive
dispersive flux. This result is amplified in the turbulent
regime. For Reynolds numbers higher than few 104, an
asymptotic analysis gives an estimation of the ratio
DP�

zz =PeDA�
z for high Reynolds number flows as

passive dispersive flux

active dispersive flux
¼ DP�

zz

PeDA�
z

¼ CP

CA

ffiffiffiffiffi
fp

p
: ð121Þ

According to (100) and (102), this result is equivalent to

passive dispersive flux

active dispersive flux
¼ 0:39

ffiffiffiffiffi
fp

p
: ð122Þ

The passive dispersive flux is then at least one order of
magnitude lower than the active dispersive flux in the flow
direction. This result is connected to the strong dependence
of the temperature deviation with the thermal source.

In order to have additional results for an other geome-
try, the same work has been carried out for the tube chan-
nel geometry. Results are summarized in Table 2. We
underline that trends are qualitatively in agreement for
both geometry.

10. Conclusion

In this paper, we have extended the closure problem for
thermal dispersion in a porous medium (see for instance
[4]) to the turbulent regime in channel flows. To achieve
this goal, and following ideas already put forth in the liter-
ature, two different averages were used: the statistical and
the spatial averages. We choose first to apply the statistical
average, with the idea that turbulence length-scale remains
smaller than the geometrical characteristic length-scale of
the solid structure. The additional turbulent fluxes were
modeled through the eddy viscosity concept. This results
in a modified closure problem compared to the classical
closure problem. In the same way, heat transfer at the walls
lead to the introduction of an additional mapping variable
in the closure problem, and its evolution equation has been
established. The theory is developed in a mixed approach
that decouples the solid and fluid phases treatment, follow-
ing methods used to deal with heat exchangers. This
approach splits the up-scaling effects into two different con-
tributions: the first one that accounts for the velocity spa-
tial heterogeneities and the second one that is associated
to the wall heat flux. Results with this model have been
obtained for channel flows. In the laminar regime, our ana-
lytical and numerical calculations agree with the well
known Pe2 dependency of the dispersion coefficient for a
passive scalar. The study is then extended to the turbulent
regime. The active and passive dispersive fluxes are com-
pared with the thermal diffusive flux. An important conclu-
sion has emerged: both dispersive fluxes rules over the
estimated macroscopic turbulent heat flux by at least one
order of magnitude in the main flow direction when tem-
perature gradients are governed by wall heat flux. More
precisely, for such flows, the active dispersion coefficient
is dominant over the macroscopic turbulent thermal diffu-
sion and the passive dispersion coefficient.
Appendix A. Averages

In this appendix, we recall the major results and theo-
rems that are necessary to carry out the developments
throughout the paper. We refer the reader to the literature
for a review of the various problems and methodological
developments [4,27,28]. All properties are presented for
simple volume averages, without use of any special weight-
ing functions. For the particular case of periodic structures,
the cellular average operator is a relevant tool [27].
A.1. Volume averages and fluid characteristic function

The up-scaling process is linked to the definition of a
volume averaging operator which corresponds to a spatial
integration over a REV [1] DV. For a function n, we have

hniðx; tÞ � 1

DV ðxÞ

Z
DV ðxÞ

nðy; tÞdV y: ðA:1Þ
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The configuration and the periodicity of the porous med-
ium determines the REV choice. In Eq. (A.1), the REV
center point is denoted x, and the notation DV(x) recalls
that the averaging volume follows the current point.

We denote vf the fluid characteristic function, equal to
one in the fluid phase and zero elsewhere. At each point
of the solid/fluid interface, we define ~n the normal vector
pointing towards the solid phase, and ~x the interface veloc-
ity. Let dw be the Dirac generalized function associated to
the interface. Using subscript notations, it is possible to
derive the evolution equations for vf [29]:

ovf

ot þ xi
ovf

oxi
¼ 0;

ovf

oxi
¼ �nidw:

(
ðA:2Þ

With this definition, the medium porosity is given by

/ ¼ hvfi ðA:3Þ

and we can introduce the fluid specific average operator
(intrinsic average)

hnifðx; tÞ ¼
hnvfi
hvfi

¼ 1

DV fðxÞ

Z
DV ðxÞ

nðy; tÞvf dV y; ðA:4Þ

where DVf is the volume of fluid contained in the REV. In
the same way, calling Af the interface between fluid and
solid phases, one can define the superficial average of a
quantity n by

hndwiðx; tÞ ¼
1

DV ðxÞ

Z
Af ðxÞ

nðy; tÞdSy: ðA:5Þ
A.2. Properties of the average operators

In the first place, we introduce the statistical decomposi-
tion commonly used for turbulence modeling. Let us con-
sider some turbulent quantity n. We assume that this
quantity can be written as the sum of its statistical average
and a fluctuation

n ¼ nþ n0: ðA:6Þ

It is well known that the statistical average (also called
Reynolds average) follows the Reynolds axioms. We recall
these useful features

Linearity kn¼ kn; where k is a constant;

Idempotence n¼ n () n0 ¼ 0;

Commutative property with

the differential operators

on
ot ¼

on
ot ;

on
oxi
¼ on

oxi
:

������
ðA:7Þ

The same quantity n may also be split up into a volumic
mean part and a spatial deviation

n ¼ hnif þ dn: ðA:8Þ

The fluid spatial average is clearly linear due to its integral
formulation, but does not fulfil the other conditions.
Indeed the volume average operator does not commute
with the space–time differential operator. Thanks to the
derivation rules of the fluid characteristic function
(Eq. (A.2)) and to both space and time independence of
the REV, the relations usually known as the local volume
averaging theorem can be established

/
on
oxi

� �
f

¼ on
oxi

vf

� �

¼ ohnvfi
oxi

� n
ovf

oxi

� �
¼ o/hnif

oxi
þ hnnidwi|fflfflffl{zfflfflffl}

wall contribution

;

ðA:9Þ

/
on
ot

� �
f

¼ on
ot

vf

� �

¼ ohnvfi
ot
� n

ovf

ot

� �
¼ o/hnif

ot
þ hnxinidwi|fflfflfflfflfflffl{zfflfflfflfflfflffl}

wall contribution

:

ðA:10Þ

The idempotence of the spatial filter can be assumed if
the characteristic length scale of the spatially filtered
quantities is large with respect to the characteristic length
of the REV [4]. In general, the REV must include numer-
ous pores, but for spatially periodic porous media, it has
been shown that effective properties can be calculated
with an averaging volume corresponding to the Unit cell
[30].
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